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Langevin dynamics simulations are used to analyze the static and dynamic properties of an XY model adapted
to dimers forming on Si(001) surfaces. The numerics utilize high-performance parallel computation methods on
GPUs. The static exponent v of the symmetry-broken XY model is determined to v = 1.04. The dynamic critical
exponent z is determined to z = 2.13 and, together with v, shows the behavior of the Ising universality class. For
time-dependent temperatures, we observe frozen domains and compare their size distribution with predictions
from Kibble-Zurek theory. We determine a significantly larger quench exponent that shows little dependence on

the damping or the symmetry-breaking field.
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I. INTRODUCTION

In the area of semiconductor technology, silicon has be-
come the cornerstone material driving the innovations that
power our modern world in the Silicon Age [1]. The Si(001)
surface of monocrystalline silicon is particularly relevant as it
forms an interface with the oxide layer in transistors that iso-
lates silicon nanowires from their environment. While static
properties of Si(001), e.g., surface configurations, their en-
ergies, and electronic structures, are thoroughly investigated
by theoretical [2—-6] and experimental [7—11] works, the dy-
namic properties [12] are not yet well understood. The surface
undergoes a continuous order-disorder phase transition with
Ising critical exponents [9] between two surface patterns [13],
leading to striking dynamic behavior at the critical point. A
phenomenon exhibiting rich dynamics is the Kibble-Zurek
mechanism (KZM) [12,14-25], which describes the unavoid-
able nonadiabatic (deviating from instantaneous equilibrium)
evolution of systems as they cross phase boundaries. When
crossing from a disordered to an ordered phase, the velocity at
which systems undergo this transition is directly related to the
size of ordered domains (see Fig. 1), which in turn influences
the semiconducting properties [26-28] of the surface.

The Si(001) surface has often been mapped onto the dis-
crete two-dimensional Ising model [3-5,9]. In this paper,
a continuous model of the surface buckling is developed
and numerically investigated by Langevin dynamics [29,30]
simulations. The emphasis will be put on differences of
the dynamics between discrete simulations using the Ising
model—for which a scaling matching the predictions by KZM
has been observed [12,31]—and continuous modeling using
an adapted classical XY model [32-36].

This paper is organized as follows: In Sec. II, the theory
of critical scaling for the static and dynamic case, as well as
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the Kibble-Zurek scenario, is laid out. The used model and
its mapping to the Si(001) surface are described in Sec. III.
The results for the static and dynamic critical properties are
discussed in Sec. IV. We conclude our findings in Sec. V and
provide technical details in the Appendixes.

II. THEORETICAL BACKGROUND

A. Static scaling

Observables of systems near a phase boundary obey uni-
versal static scaling laws in the thermodynamic limit. They
describe the power-law dependence of system quantities in
equilibrium on control parameters like the temperature T
close to the critical point. For example, the correlation length
& depends on the reduced temperature

(1
via
E(e) =%, 2)

showing a divergence at the critical value T = T, with the
critical exponent v > 0. This behavior is shared by all systems
undergoing a second-order phase transition [37,38] and is
independent of the concrete microscopic properties. The static
critical exponent v assumes a universal value for systems
that share fundamental properties like symmetries or their
dimensionality. Systems that possess the same set of critical
exponents are said to belong to the same universality class.
In contrast, the critical amplitudes &% are nonuniversal and
vary according to the microscopics. The superscript &+ denotes
whether the phase transition is approached from below (—) or
above (+) the critical temperature.

©2024 American Physical Society
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FIG. 1. A representation of the silicon (001) surface with the
colors mapping into the continuous dimer buckling angle is shown.
The system is cooled down with a varying rate. The cooling rate
determines the size of ordered patches after the quench.

B. Dynamic scaling

In contrast to static scaling, dynamic scaling describes the
behavior of the relaxation time 7 across the transition. The
relaxation time quantifies the time required for fluctuations in
the system on the largest lengthscale to equilibrate. Near the
critical point, it depends on the correlation length as [39]

T=1:6%¢e) = rfs"’z, 3)
defining the universal dynamic critical exponent z, the critical
amplitude 7z, as well as t* := 7:(§)%. Just as the correlation
length, the relaxation time becomes infinite at the critical
point. This phenomenon is commonly referred to as critical
slowing down [37,39,40] and describes the inability of ther-
modynamic systems to equilibrate at ¢ = 0.

The Kibble-Zurek mechanism [12,14—-19] deals with the
question of how this nonadiabatic evolution influences the
system observables after a quench through the critical point.
A simple quench is a decrease of the reduced temperature (1)
linear in time ¢ following

e(t) = —Z—Q, 4

with the quench timescale tp. The main statement of the KZM
argument is that system quantities after the quench, like &, are
directly proportional to their values & at the freezeout point
defined by

(1) =1, ®)

after which the system equilibration can no longer follow the
driving. When approaching the transition point from the high-
temperature phase, combining Eqs. (3)—(5) yields the scaling
of the frozen correlation length

HKZM

E=t((D) =€ /le(D' =¢&F . (6

+
TS

with
v
14+vz

IkzM = )
being the quench exponent according to KZM. Equation (6)
quantifies the dependence of the quenched correlation length
on the quench timescale 7p. A specialty of the KZM argu-
ment is that it enables us to predict the behavior of quenched
systems solely from universal exponents.

III. MODEL

The upcoming investigations will make use of molecular-
dynamics (MD) [30], or more precisely, Langevin dynamics
simulations [29]. MD simulations numerically solve Newton’s
equations of motion to describe the behavior of many-particle
systems, thus going beyond a discrete modeling of the dimers,
which omits the details of the dynamics. Therefore, it is de-
sirable to investigate whether a simulation with a continuum
of states results in other dynamic critical behavior than the
discrete models. Below, we first introduce a model similar to
the Ising model that offers continuous states and reproduces
the experimentally observed Ising static critical exponents,
and we explain its relation to the silicon surface as well as
its numerical Langevin dynamics simulation.

A. Classical XY model

The classical two-dimensional XY model (or planar rotor
model) without symmetry-breaking fields is characterized by
sites each hosting a unit-length rotor in two dimensions ¥ =
(cos(¥), sin(¥)), with ¥ € [0, 27) characterizing the angle
of the in-plane rotors. Its nearest-neighbor Hamiltonian on a
lattice with sites (i, j) is given by

Hxy = —J, E SijSipy—J0 E Sij-Sij+, (8

ij ij

with the coupling constants J; and 6 € {L, | }. In contrast
to the two-dimensional Ising model [41,42], an exact closed
solution to the two-dimensional XY model is unknown. How-
ever, it has been studied in numerous analytical [32-36] and
numerical [43—45] works. Without symmetry-breaking fields,
it does not exhibit an ordinary phase transition with univer-
sal critical exponents, but undergoes the Kosterlitz-Thouless
transition [33]. In this case, the system transitions from an
unordered state to a quasiordered state of vortex-antivortex
pairs. The correlation length still diverges, but does not follow
Eq. (2) anymore. Instead, when approaching the transition
from the disordered state, £ diverges exponentially and, in
the ordered state, the spin-spin correlations vary continuously
with the temperature [46].

The quantum version of Eq. (8) can be obtained by re-
placing the spins with Pauli matrices [47]. It is relevant
for insulator to superfluid quantum transitions [48], effective
interactions between quantum dots [49], the quantum-Hall
effect [50], as well as cavity QED systems in quan-
tum computers [50]. In two dimensions, it also undergoes
a Kosterlitz-Thouless transition [51,52], like its classical
counterpart.
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FIG. 2. The figure, inspired by [9], shows the crystal structure of silicon and two surface configurations. The coloring of the silicon
atoms corresponds between (a) and (b),(c). In the following, the surfaces are addressed using Wood’s notation for overlayers [55]. (a) The
crystalline structure of Si in its solid state is shown [56]. The orange silicon atoms dimerize during reconstruction of the (001) surface. The
coordinate axes are denoted by their Miller indices and normal to their corresponding crystallographic planes. In (b) and (c), Si(001) surface
patterns are shown from a side and top-down perspective. In the top-down view, silicon atoms that are closer to the reader are magnified.
(b) The formation of dimers results in the symmetric p(2 x 1) reconstruction and reduces the energies by 1.8 eV per dimer compared to the
nondimerized structure. (¢) The dimers are unstable to vertical buckling. The buckling pattern that was found to have the lowest surface energy
is the c(4 x 2) reconstruction. The fundamental couplings Js, § € {x, y, d} are indicated by arrows.

We generalize Hamiltonian (8) by a p-fold symmetry-
breaking field of strength & as well as a multiplying factor
q (similar to the generalized XY model [53]) to obtain

B. The Si(001) surface

Silicon crystallizes in a diamond cubic structure, as shown
in Fig. 2(a). When cutting this crystal structure along the
crystallographic (001) plane, the resulting surface reconstructs
Hxy = —Jj Z cos(q(Dj — Vit1,j)) by dimerization of the surface atoms [57] [see Fig. 2(b)]. The

ij bonding lowers the surface energy by roughly 1.8 eV per

dimer [2,58,59]. The dimers can further reduce their energy

—JL Z cos(q(@i.; — i j+1)) by buckling vertically. They tilt to an angle of about 18° with

b the surface plane [2,3], which lowers the surface energy by

+h Z cos(p?; ). 9) another 0.15 eV [4] per dimer. A charge t.ransfer of approxi-
¥ mately 0.1e [9,60] is induced by the buckling.

Theoretical [2—4,9] and experimental (low-energy elec-

The purpose of ¢ is to enable state-space restrictions. The
critical properties change drastically if a symmetry-breaking
field is introduced. In this case, Jos€ et al. [34] showed by
renormalization-group calculations that the transition changes
to the universality class of the p-state clock model or the vec-
tor Potts model [54]. The determining factor for the specified
universality is the number of minima of the symmetry-
breaking term. The case p = 2 yields the Ising transition for
any nonzero h.

V (9¥) small

-

tron diffraction [7-9] and scanning tunneling microscopy
[10,11]) investigations have found the c(4 x 2) reconstruc-
tion, shown in Fig. 2(c), to be the lowest-energy geometry.
It minimizes the interaction energy as well as the sur-
face stress [3]. The alternating buckling in both directions
suggests an antiferromagnetic interaction along both direc-
tions. However, apart from an antiferromagnetic interaction
along the dimer rows, experimental observations [9,61] actu-
ally indicate ferromagnetic transverse couplings J, > 0 and
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FIG. 3. (a) Unit circles are shown as visualizations of the state space. The colored part of the unit circle represents the allowed states. The
states are depicted as arrows inside the unit circle. The buckling angles of the silicon dimers are mapped to the rotors of the XY model. Since
the silicon atoms are indistinguishable, a rotation by 7 maps to the same state. Hence, the state space is only half the unit circle. The coloring
of the allowed states corresponds to the value of the potential V (¢#). The vertical dimer position is highly unlikely, and the minimum of the
potential is roughly located at the equilibrium buckling angles of the dimers. Note that the left and right vectors are the same state and one of
them is excluded by defining ¢ € [—m /2, 7w /2). (b) The on-site potential is shown in dependence of the dimer angle. The allowed phase space
is delimited by vertical dashed lines. Outside the allowed states, the angles are mapped back to ¢ € [—7 /2, 7w /2) by modulo operation. The
periodic continuation of the potential is indicated by the light blue line.
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additional ferromagnetic diagonal couplings J; > 0. The
dimer interactions are strongly anisotropic, with |J,| being
much larger than |J;|, enforcing alternating buckling in the
(110) direction. The ferromagnetic diagonal interactions J;
overpower Jy, so that diagonal alignment is preferred, which
in turn implies antialignment in the (110) direction, so that
the effective transverse coupling is also antiferromagnetic.
Because of the strong anisotropy, it is satisfactory to consider
only effective nearest-neighbor couplings, which enables us to
absorb the diagonal interactions J; into an effective transverse

]J_:Jy_zld<0 (10)

across the dimer rows [61]. The effective coupling along the
dimer rows remains antiferromagnetic, Jj = J;.

The silicon (001) surface exhibits an order-disorder phase
transition from the disordered p(2 x 1) phase [Fig. 2(b)] to the
ordered c(4 x 2) reconstruction [Fig. 2(c)] at a critical tem-
perature of about 7, =~ 200 K [13,61]. The p(2 x 1) structure
is short term for the disordered phase since fast flipping of the
dimers at a rate of about 10'! Hz [59] lets the system appear
to be in the p(2 x 1) state at high-temperature measurements.
This continuous phase transition will be of central importance
in the following discussion.

Below T, the strong anisotropy leads to long streaks of
order along the dimer rows and short domains of order across
the dimer rows. The correlation length amplitude in parallel
direction & ‘+ is larger than the transverse amplitude £ by a
factor of 5 [61]. In units of the lattice constants aj and a; [see
Fig. 2(b)], this implies (£, /a;)/ (5] /aL) ~ 10.

Si(001) was mapped onto the exactly solvable two-
dimensional Ising model in previous research [3-5,12,61]
by assigning its two discrete states to the two equilibrium
buckling angles of the dimers. A good agreement between
the experimentally measured static critical properties of the
surface’s phase transition and the Ising universality class has
been found [9,61]. Furthermore, simulations based on kinetic
Monte Carlo methods [62] have revealed a quench scaling that
roughly matches the KZM [12].

C. Mapping the XY model to Si(001)

The natural choice of mapping the Si(001) dimers to the
XY model is to identify the dimer buckling angles with the
rotor angles ¥. Since silicon atoms are indistinguishable, a
rotation of the dimer by m results in the same state. We
will therefore restrict the state space of the rotor to ¥ €
[—m /2, /2). To ensure that the interaction terms in Eq. (9)
have the same periodicity as ¢}, we set ¢ = 2 inside the cosine
terms. The correspondence between the rotors and the dimers
is depicted in Fig. 3. The parameter p in Eq. (9) determines
the number of minima of the on-site potential and thereby
the equilibrium position of the dimers. As we have cut the
state space in half, the effective integer pes relevant for the
clock model classification of Sec. IIl A will be p = [p/2].
Since the dimers have two equilibrium buckling angles 9.,
we demand 2 < p < 4, corresponding to an effective peg = 2.
Due to the additional antiferromagnetic interaction, the equi-
librium position of the dimers will be somewhere between
the minima of the symmetry-breaking potential and £+ /4 <
P¥4. Since the upcoming investigations will not involve

quantitative predictions but rather an assessment of universal
behavior, we will set p = 2.5 and leave the exact calibration of
equilibrium buckling angles with experimental data to future
work.

D. Langevin dynamics

A molecular-dynamics approach solving the equations of
motion for every dimer will be employed to numerically
investigate the adapted XY model. The Si(001) surface is
thermally coupled to the silicon bulk, which acts as a thermal
reservoir. One way to model thermalization with this reservoir,
even for interacting particle potentials, is to replace Newton’s
equations of motion with Langevin equations. In other words,
the movements of the dimers will be modeled as Brownian
motion in a (double-well) potential. Since we want to describe
the full dynamics of the silicon dimers in terms of the buckling
angle, we add the kinetic energy to the Hamiltonian of Eq. (9),
reading

H:Z%IwijJery, (11)
ij
with the dimer moment of inertia / and the angular velocity
wj j.

JIn the following, we will work with a dimensionless
representation of the problem, meaning that all quantities, in-
cluding time ¢ or angular velocity w, will be given in multiples
of I or I, respectively.

The dimensionless stochastic equations of motion for ro-
tary motion in a (periodic) potential V ({$#}) are, in units of /,
given by [29,63]

d

aﬂi,j(t) = w; (1), (12)
d avV{d}
aa)i,j(t) = —nw; ;) — le + /20T T'(@),

with the damping n, temperature T, and the Gaussian white
noise process I'(t) [29]. The latter satisfies

L) =0 and (COTE+1))=580").  (13)

To evaluate the on-site potential, we map the angles back to
the allowed interval ¢; ; € [—m /2, 7w /2) by modulo operation
after every integration step. The simulation is implemented in
CUDA C++ [64] using Thrust [65] as a high-level interface.
The integration scheme is described in Appendix A 1. We
have benchmarked the thermalization of this system for dimer
pairs in Appendix A 2. Additionally, the dynamics of Brow-
nian motion in a harmonic potential and the used integration
step size dr have been tested.

IV. RESULTS

The simulations have been performed with a coupling con-
stant ratio of J;/J; = 100 as the numerics have shown that
this choice reproduces the experimental equilibrium corre-
lation length ratio [61] of (5, /a)/(5] /a1) ~ 10. To keep
all values around unity, /J; = 10 and 1J;, = 0.1 are chosen.
Unless marked otherwise, the damping is set to n = 1. The
damping does not influence the static properties of the system,
and the effects on the dynamics are investigated later. Since
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FIG. 4. (a) The results of U (¢, L) for selected sizes L are computed close to the critical point. The systems were initialized in a totally

ordered state with U (0, L) = 1 as it minimizes the time of relaxation to

approximately at the same point (8.J;)~' = 0.197. (b) The derivatives 9.

U (g, L) [66]. Except for the smallest L = 32, all cumulants intersect
U(e, L) oc L' are shown in dependence of the system size. They are

calculated using a standard central difference method including, among others, the data points of (a). The fitting yields v = 1.04 4 0.08 (fit

uncertainty [67]), which is in good accordance with the Ising model. (c

) Close to the critical point, the Binder cumulant for different system

sizes collapses on a line if plotted vs eL!/", as expected from Eq. (17). Corrections to FSS are again visible for L = 32.

the energy barrier between the equilibrium positions is pro-
portional to A, the magnitude of & slows down the dynamics
of the system significantly. As the computational resources are
limited, the selected value of % is not fitted to the experimental
system but set to [h =1,/J,J = 1.

A. Static scaling

Since some modifications have been made to the
anisotropic XY model, e.g., restricting the state space and
using rational p instead of the integer values used in [34], it is
desirable to verify that the model still belongs to the expected
Ising universality class. We therefore start by extracting the
static critical exponent v. The solution of the equations of
motion is computationally expensive, so finite-size scaling
(FSS) methods [37,68] will be employed. More specifically,
we will make use of the FSS of the Binder cumulant [69]
defined by

(M*(L)),
(M2(L))2’

U(e,L) = (14)

with the ensemble average ( - ). at reduced temperature ¢, and
M (L) being the lattice average

N(L)

M(L) (15)

= —_— Si
N(L) i=0

of a system of size L with N(L) lattice sites, e.g., N(L) = L?
for a two-dimensional quadratic lattice. In our adapted XY
model, the site’s state s; is characterized by s;(¢;) = sin(q¥;)
with ¢ = 2 so that our order parameter is analogous to the
magnetization in the x-direction in the model with full state
space M, = (sin(¥;)). Additionally, the factor 2 enforces the

24512

m-periodicity of our model and roughly maps the equilibrium
buckling angles ¥4 to sin(294) & %1, like in the Ising model.
The finite-size scaling of U (¢, L) can be parametrized [38,70]
as

U(e, L) =U*+AeL""(1+BL™®+---),  (16)
with & being the smallest irrelevant exponent in
renormalization-group language [37,38]. The symbols A and
B are unknown proportionality constants. The curves U (e, L)
intersect for different system sizes L at U(0,L) =U*.
For Ising lattices where s; = oy, 0; € {—1, 1}, and thus M
is the magnetization per spin, it can be shown that the
Binder cumulant jumps from its zero-temperature limit
U(e <0,00) =1 below the critical temperature to its
infinite-temperature limit U (¢ > 0, co) = 3 above the critical
temperature [69]. Although the Binder cumulant U depends
on factors like boundary conditions, lattice shapes, and
anisotropies [71], the intersection remains at 7; regardless of
these factors and can therefore be used to extract the critical
temperature. The preceding implications can be generalized to
spin dimensionalities larger than 1 [72] and have been shown
to be consistent with the XY model [73-75]. By simulating
systems around the critical point and computing d.U (g, L) at
¢ = 0, the exponent v may then also be calculated by fitting

n

and extracting the slope 1/v. Figure 4 shows excellent agree-
ment with the Ising critical exponent v = 1. The evaluation
and assessment of the simulation is described in Appendix B .

oU (e, L)
de

) ~In (AL'") = In(A) + %ln(L) (17)
e=0
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FIG. 5. The relaxation of the Binder cumulant is shown vs the di-
mensionless time for selected sizes L. The dynamic critical exponent
z can be extracted by finding a time rescaling factor 5% = (L, /L,)™*
such that U(t, ¢, L) and U(b™*t, €, L,) overlap. The best rescaling
of U(t,e, L) = Ult, g, L) is selected by rasterizing z in steps of
0.01 and minimizing the squared error between the interpolated
curves. The rescalings 144 — 112 and 112 — 80 yield an average
exponent of z = 2.13, which is very close to the Ising universality
class z = 2.16 (see Appendix E).

B. Dynamic scaling

Additionally, the Binder cumulant is useful to extract the
dynamic critical exponent z. We employ the cumulant re-
laxation method introduced by Li ef al. in [76] and extend
the cumulant by a time dependence U(e,L) — U(t, ¢, L).
Their argument exploits that a totally unordered system at
U (0, oo, L) = 3 coupled to a reservoir at ¢ = 0 relaxes to its
equilibrium value U (00, 0, L) = U*. The timescale at which
this relaxation happens increases with the system size. Quan-
titatively, it can be shown that the time-resolved behavior of
systems of different sizes L; and L, can be formulated as [76]

U(,0,L) =U®"1,0, L), (18)

with b = L;/L, being the spatial rescaling factor. The dy-
namic exponent can be extracted by finding a temporal
rescaling factor b~ so that the relaxation curves for different
sizes L; collapse. Since this only holds precisely for the critical
relaxation, the critical temperature of the system has to be
determined beforehand by using the intersection in Fig. 4(a).
The exponent z has then been calculated by minimizing the
squared deviation between rescaled curves for a discrete ras-
terization of z-values with a step size of 0.01. Fig. 5 shows
that the extracted z is very close to the best guess of the Ising
z in Table 1. Hence, we believe that our model still belongs to
the Ising universality class.

C. Quenches

We introduce the general quench exponent pp by the scal-
ing of the quenched correlation length & with the quench
timescale 7o,

£ oc 1)’ (19)

TABLE I. Recent results for the dynamic critical exponent z are
summarized. The estimates are obtained by Monte-Carlo methods
(MC) [77], renormalization-group calculations (RG) [78,79], and
high-temperature expansion (HT) [80].

Source Method Result
[77] MC 2.167
[78] RG 2.14 +0.02
[79] RG 2.183 £ 0.005
[80] HT 2.15
sing Average 2.16

The KZM has been verified in numerous experimental
[17-19] and numerical [12,20,21] investigations. Hence, we
expect a value of o = ugzm ~ 0.32 from previous simula-
tions. We will examine linear quenches like that described by
Eq. (4) for a temperature range symmetric around the critical
point,

& = —&y, (20)

so that the absolute values of the initial temperature ¢; and the
final temperature &, match. The simulation is stopped right
after &5 is reached, so there is no after-quench equilibration
phase. Figure 6 shows the time-resolved quench process in
terms of the parallel correlation length &(z). The absolute
value |g;| = |ef| is chosen so that the evolution at the be-
ginning of the quench is approximately adiabatic, meaning
the orange equilibrium curve and the dynamic path in Fig. 6
overlap. At discrete time points, the state of the quenched
ensemble is represented by a section snapshot of a quenched
system at the corresponding time. The results of the quenches
at different timescales are shown in dark blue in Fig. 7.
The calculation of the correlation length is described in Ap-
pendix C. The system sizes are chosen so that the frozen
correlation length is smaller than Ls/10. The extracted quench
exponent for n = h =1 of up = 0.47 deviates strongly from
the expected value wgzym. Since the parameters # and n have
been observed to influence the dynamics drastically, it might
be worthwhile to observe their influence on the quench ex-
ponent. This is investigated by the other curves in Fig. 7.
Large n as well as large h slow down the dynamics of the
quench and result in the linear scaling region of & moving
toward slower quenches. The slope of the scaling region,
however, shows, except for small 1, no sensitive dependence
on both parameters. Small 7 reveal the existence of a bump
in the &(tp) curve. This might be due to a retardation effect
between the controlled reservoir temperature and the state of
the system, which is influenced also by the kinetic energy of
the dimers. The rotation of the dimers decays slower for small
n and therefore the system keeps a larger energy per degree of
freedom for a longer time. This might lead to the effect that
quickly quenched underdamped systems are dominated by the
rotational energy. For fast quenches, no significant change in
the average dimer energy has happened until the end of the
quench. As the quench timescale becomes larger, rotation is
damped and the usual mechanisms take over rapidly. With
the current results, a dependence of 1o on the quantitative
values of 4 or n is improbable. Hence, averaging the quench
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FIG. 6. The time-resolved parallel correlation length &;(¢) is shown for quenches of different timescales in the top plot. The systems go
through an equilibration phase before the quench starts. The orange curve depicts the equilibrium values &, (¢(¢)), visualizing where the systems
deviate from adiabatic evolution. For the red markers, section snapshots of one representative quenched system at the specified time are shown
below. The coloring of the meshes maps into the dimer angle and is depicted by the cyclic colorbar on the bottom. In the frozen state after the
quench, the majority of dimers are in one of the equilibrium buckling states. The final quench values are highlighted as orange symbols. They
can be found again in Fig. 7.
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The statistical uncertainty calculated as the standard error
of Fig. 7 is less than 0.01 and also expected to be smaller
than the systematic error. An explanation for the deviation
to Eq. (7) might be found in the so-called quench angle,
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FIG. 7. The quench scaling, i.e., the frozen correlation length after a cooling quench vs the quench timescale, is shown. The data
points corresponding to the final values of Fig. 6 are highlighted in the left panel. For rapid quench rates, the system is unable to evolve
adiabatically from the outset. The resulting frozen correlation length corresponds approximately to the equilibrium correlation length at the
initial temperature, and no scaling behavior is observed. Hence, the scaling is calculated in the linear area. The extracted quench exponents of
,ug = 0.47 and of ,ué = 0.48 are larger than the expected pxzy =~ 0.32 for the Ising model. The quench scaling is simulated for systems with
varying 7 and & in panels (a) and (b), respectively. Unlike the damping n which solely influences the dynamics, the field strength % shifts the
critical point (see Fig. 10) and therefore alters the quenched temperature range. In addition for the cases with small damping, where a bump in
the scaling region becomes visible, the quench exponent does not show a clear systematic dependence.
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defined in Appendix D, which has been introduced in [81]
and [82]. As our system is quenched, it traces a certain path
in the three-dimensional phase space spanned by the effective
coupling constants. Depending on the quantitative values of
the coupling parameters and the quench protocol, the path
crosses the phase boundary at a certain angle. This quench
angle and the velocity at which the critical point is crossed
open up subleading scaling regimes with wg > v/(1 + vz)
that are dictated by the irrelevant exponents: The KZM scaling
is obtained for very slow quenches or orthogonal quench
angles. Further research is required to confirm or deny this
hypothesis.

Previously, some of us have simulated [12] the quench with
the Ising model, for which a quench exponent of pp ~ 0.35
much closer to Kibble-Zurek scaling was found. Additionally,
the linear scaling region of &£, was shifted to larger quench
timescales in comparison with &, resulting in a modification
of the quenched correlation length ratio EII /.. This behavior
is also found in the present simulation. The strongest effect is
visible in the large-/ curves in Fig. 7. Consequently, the ratio
S I / &, in the scaling region increases with increasing 5.

V. CONCLUSION

During this work, Langevin dynamics methods have been
employed to investigate the phase transition on the Si(001)
surface. The main innovation has been the step from dis-
crete descriptions using the Ising model to a continuous
formulation utilizing an adapted XY model. The purpose of
the continuous description is a more realistic modeling of
dynamic nonequilibrium behavior. The used Langevin equa-
tions were numerically implemented using parallel processing
techniques on GPUs.

Finite-size analysis using the Binder cumulant has deter-
mined the static critical exponent v and the dynamic exponent
of the twofold symmetry-broken XY model to v = 1.04 and
z = 2.13. Strong arguments for the validity of José et al.’s
work [34] for rational 2 < p < 4 have been found. Conse-
quently, the symmetry-broken XY model with rational p is
strongly expected to belong to the Ising universality class. The
dynamics on the silicon surface have been studied for J /J, =
100. The quench exponent has been extracted to g = 0.45,
which is significantly larger than the expected Ising value. The
influence of the amplitude of the symmetry-breaking field as
well as the damping 1 on the quench exponent have been
investigated. A dependence of o could not be established.
The quench angle [81] is hypothesized as a source for the
deviation between KZM scaling and the observed scaling.

Howeyver, the reason for the deviation is uncertain at the
moment. The measurement of as-slow-as-possible quenches
might be a starting point for further investigations, although
from the current point of view, more than ten times slower
quenches will not be realizable. If the deviation from the KZM
exponent is caused by the subleading scalings described in
[81,82], another approach could be to quench orthogonally to
the phase boundary. The expected KZM scaling should then
be observed also for shorter quench times. However, it is not
trivial to construct an orthogonal quench protocol because
the relevant couplings, that might be combinations of naive
BJs, Bh, have to be determined first. An insightful extension

to the simulation would be to allow nonlinear and anisotropic
quenches. According to [81], nonlinear quench protocols of
higher order y € N following e(t) =7/ 1,'5 might activate
scaling regions governed by the smallest irrelevant exponents.
This could give valuable hints about the deviations from
KZM scaling that we observe. Anisotropic quenches might be
relevant for experimental systems in which the temperature
of the bath and the surface is not perfectly isotropic. Another
interesting avenue of further research is the investigation of
the parameter p. As long as p € (2, 4], so that the number
of minima of the symmetry-breaking field stays the same, it
is not expected that the critical behavior changes. However,
since it changes the height of the barrier, p is going to have a
quantitative influence. Nevertheless, the study of the influence
of p on the dynamics might be worthwhile, since the parame-
ter also alters the shape of the symmetry-breaking field.

To conclude, the investigation of the anisotropic XY model
with rational p by Langevin dynamics simulations gives a first
confirmation of the Ising-like dynamic critical exponent z.
The investigation of cooling quenches showed nonuniversal
behavior, possibly related to the damping or the quench angle.
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APPENDIX A: NUMERICS

1. Integration method

Many integration schemes have been developed to solve
Egs. (12), each with their own advantages [83]. The Briinger-
Brooks-Karplus (BBK) method integrates in three steps [84]:
a half-kick (we omit indices for brevity)

ot + 1dt) = (1 — Indt)w(r) — 1dr LW
2nkpTn(t)N/dt (A1)
is followed by a drift
9@t +dr) =9(1) + ot + 3dr)dr, (A2)

which is followed by another half-kick
ot +dr) = (1 4 &)™ (a)(t + &) — L1dr 0Lt

2nksT(t + dz)\@). (A3)
Here, the variable n(t) is a sample value of a Gaussian normal
distribution with mean zero and unit standard deviation. The
moment of inertia / has been set to 1. The GPU implementa-
tion makes use of the fact that the calculations Egs. (A1)-(A3)
on each lattice site can be simultaneously performed in real
time, allowing much larger systems to be simulated. Inspired
by Ahnert er al.’s architecture of solving differential equa-
tions on GPUs [85], our implementation has been extended
to accommodate stochastic differential equations. The random
numbers n(¢) have been generated using CUDA’s built-in li-
brary cuRAND.
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2. Benchmarks

Since an analytic solution of our model is intractable,
proper benchmarks are vital to ensure the correctness of our
simulation. Furthermore, the step size dr used to integrate the
Langevin equations has to be analyzed to ensure convergence
as well as avoiding discretization errors while being efficient.
The benchmarks that were conducted are the dynamics of in-
dependent harmonic oscillators coupled to a thermal reservoir,
and the equilibrium distribution of particle pairs described by
a Hamiltonian analogous to Eq. (11). The equation that de-
scribes the time evolution of probability densities of Brownian
motion is the Fokker-Planck equation. When talking about the
probability density p(x, v,?) in terms of particle velocity v
and position x, it is often referred to as the Klein-Kramers- or
Smoluchowski equation and written as

0 ( 0 0 n 0 19 Vo)
—px,v, )= ——v+ —|[npv— ——V(x
Btp 0x ov 7 m ox

T]kBT 0
+ p m)p(x,v,t).

(A4)

The Fokker-Planck equation and the Langevin Egs. (12) are
equivalent [63]. The distribution of paths following Langevin
equations results in the probability distribution satisfying
Eq. (A4). The steady-state distribution of the Fokker-Planck
equation is the canonical distribution

%muz-kV(x))

vy oce P , (AS)

allowing for a simple way to verify long-term behavior.
For uncoupled harmonic oscillators subject to a quadratic
potential

V(x) = 1o’x?, (A6)

the Fokker-Planck equation is analytically solvable [63]. This
makes it suitable to check correct dynamics of the simulation.
The analytic solution for the second moment of x(¢) reads

nksT Ay 4 Al
mOy —A_)2 | ApA

4
—(p Ao
+ P (e 1)

o)) =

iefzuz _ Lefz)h_t ,
Ay A

1
Ay = 5(77 +/n? — 4w?).

In Fig. 8 we compare (x?)(t) calculated from 103 paths, sim-
ulated by the BBK method, with the theoretical result. The
algorithm with dr = 0.05 yields small deviations from the
theoretical curve. For a smaller step size of df = 0.01, the
accuracy of the method for thermal oscillators is much better.

The second benchmark, consisting of two interacting par-
ticles in a cosine potential, has the purpose of verifying the
correct behavior of the interaction as well as thermalization.
We consider the one-dimensional version of Eq. (11) for two
sites, so particle pairs in a cosine potential interacting via an

(A7)
with

(A8)

e o o
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FIG. 8. The calculated (x?(t)) of thermal harmonic oscillators
are shown for two step sizes. The solid curves are the theoretical
paths calculated from Eq. (A7) for @* =20, T =20, and m = 1.
The damping is denoted in the legend. The dotted lines are paths
calculated from 10° simulated trajectories. The BBK method in this
use case is very stable and shows only small discretization errors up
to a step size of dr = 0.05. For a step size of dr = 0.01, virtually no
discretization errors occur.

XY interaction. Analogous to the actual simulation, the state
space is restricted to ¥ € [—-m /2,7 /2) and the potential is
chosen as in Fig. 3(b). The probability distribution becomes
a four-dimensional function p(9, ¥, w1, w,). We expect that
this distribution relaxes to the equilibrium distribution of the
Fokker-Planck equation, i.e., the canonical distribution.

A suitable representation is achieved by integrating out the
angular velocities and considering a cross section of a fixed
interval [v, — %Az?z, B + %Az?z]. In Fig. 9, we show cross
sections of the integrated probability density

p(D1, D) AY, = /dwl dw; p(V1, 0, w1, w2)AV, (A9)

with constant ;. It is verified that simple interacting systems
are driven to their thermal equilibrium. The statistical and
discretization errors vanish for many samples and small step
sizes dt.

APPENDIX B: EXTRACTION OF OBSERVABLES

The observables of interest are usually obtained by ensem-
ble averages of systems in thermal equilibrium. The ensemble
average is calculated by computing the desired observable for
many different realizations of the same system. The ergodic
hypothesis assumes that the average of many realizations and
the average over one long-term simulation are the same. We
assume that our system is ergodic. Since GPU accelerated pro-
gramming is employed, we want to harness the full potential
of the graphical processing unit. Systems of sufficient scale
should be simulated to optimize GPU usage. Depending on
the GPU, maximum performance is usually acquired by using
systems with more than N = 5 x 107 - .- 1 x 10° lattice sites.
For many use cases, e.g., calculating the Binder cumulant U
in Sec. IV A, systems of this size are not required. Therefore,
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FIG. 9. The integrated probability distribution p(¢;) = p(¥, ¥, = 1.05)A, of particle pairs described by Eq. (9) around constant v,
with A, = 0.15 is shown. The used parameters for (a)—(c) were J =40/1, h =100/, p=2.5, n=1,and T = 100/1. The interactions
and temperatures are chosen to be larger than in the actual simulation on purpose. The green curve is the canonical distribution. The blue bins
are calculated from 5 x 10° simulated pair paths by counting particles in [, — %Az?z, % + %Aﬁz] and binning them into 100 sections for .
It was made sure that the systems were completely relaxed, meaning that the effects of the starting position vanished, and the shape of the
probability distribution was stable. The BBK method again shows no discretization errors for d = 0.01. Slightly larger step sizes of dt = 0.02

already produce visually recognizable deviations. Almost no improvement is achieved by reducing the step size to dr = 0.001.

always a number n ~ N/(LjL, ) of independent subsystems is
simulated. For a simulation of n subsystems over a time t, the
ensemble average of a quantity f is calculated via

to+71s
- Z / dsfi(s).
=,

To calculate the Binder cumulant Eq. (15), the ensemble av-
erages of f = M? and M* have to be evaluated. In the case
of the correlation length extraction relevant in Sec. IV C and
described in Appendix C, the Fourier transform (C5) of the
correlation function S5 (k) is calculated as the summed squares
of the lattice Fourier transform (C11) and averaged before
fitting Eq. (C12). For the time-dependent Binder cumulant
U(t,e, L) of Sec. IVB, the time integration in Eq. (B1) is
restricted to an interval s € [t — %", t+ %") with the step size
do chosen for suitable representation. The averaging process
is repeated until major fluctuations have averaged out. When
making use of the ergodic hypothesis to calculate equilibrium
quantities, like in Fig. 4 or the orange curve in Fig. 6, it is
important to make sure that the system is actually thermalized.
Usually, a lower time bound f is introduced to account for
the relaxation time. Again, the relaxation time is not known,
and therefore 7, is set to a fraction of t, to eliminate strong
fluctuations in the equilibration phase of the simulation. To
eventually judge the relaxation of the system, the uncertainty
of (f) is considered. The approach is that the equilibration
introduces a large statistical deviation on the average (f).
So by calculating the error A{f), we can extract information
about the state of equilibration of the system. The f;(s) are
correlated for different points in time. The strength of the
correlation depends on how quickly the system relaxes. To
get reasonable estimates on the error of (f), we have to judge
how many effectively independent readings of f; are taken
by the ds integration in Eq. (B1). Analyzing f;(s) as time
series helps to avoid terminating the simulation too early for
slowly relaxing systems. Additionally, it gives an estimate for
how many measurements should be recorded in order not to
overflow with data.

On the run, f;(s) is calculated and saved for discrete time
steps ds. The sample time step ds is usually much larger than

(B1)

the integration step size
ds 2 100 x dr (B2)

to limit the amount of data generation. The exact value de-
pends on the integrated autocorrelation time 7 (B7) and is
adapted during the simulation,

1
ds ~ —1c. B3
ST (B3)

An average that is calculated by means of Eq. (B1) has a
nontrivial relationship with its variance [86]. The reason for
this is that f;(s) and f;(s + ds) can be correlated. Observables
at different points in time are dependent on each other and
have to be treated accordingly. The average f;, of a time series
f(s) (omit indices for brevity) is calculated as

e
fo=21 /0 dsf(s). (B4)

Ts

with 7, being the duration of the sampling. To estimate the
error on fr , we consider its variance [30,87]

o} =)= ()
- / dt Cr(0), (B5)

22

with Cf(t) being the autocorrelation or time correlation
function

(FND). (B6)

The step performed in Eq. (BS) is valid in the limit that the
sampling time is much larger than the characteristic decay
time of the autocorrelation function t-. The so-called inte-
grated autocorrelation time t¢ is defined as

Cr(t) = lim (F(5)f (s +1) —

1 o0
= / dr C;(t)/Cy(0). (B7)

The variance O’J% is expressed in terms of t¢ as
Ts

2 2‘L'C

op = (BY)
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Consideration of Eq. (B6) shows that C(0) reduces to the
variance of f,

Cs(0) =07}. (B9)
Rewriting t; = nyAs with n; being the number of measured

samples and ds — As being the discrete time between the
samples, the variance of the mean f; can be expressed as

2
o2 2‘1,'@ ol — 21c O_f

- , B10
T 2 % T As (B10)

revealing that the variance of f;, is larger by a factor of 27./As
than the naive approach of uncorrelated measurements. Since
it is practically not possible to integrate Eq. (B7) from —oo to
00, We approximate 7, by

1 7/2
e~ —/ dr C4(1)/C1(0). (B11)

2 /2

APPENDIX C: CORRELATION LENGTH EXTRACTION

The two-point equal-time correlation function of the XY
model with rotors 5, , = (cos ¥y ,, sin ¥ ,) in two dimensions
is defined as

C(x,y) = (50,05xy)- (CD
The brackets (- ) denote the ensemble average
1
(50,05x,y) = 7 / Hdﬂifo,oﬁx,ye_ﬁmw”. (C2)

The correlation function decays exponentially for large dis-
tances above the critical temperature [33,35], following

VaZ 4 y2

This is the definition of the correlation length &. The cor-
relation length is a measure for the lengthscale over which
perturbations of a system relax in space. We are mainly
interested in the correlation lengths in the directions along
and across the dimer row and therefore define the correlation
functions in these directions as

C(x,y) ~ e OIEEY  with  r(x,y) = (C3)

(50.080,) ~ e7V/5 and

e /A, (C4)

C.(y)=

Ci(x) = (S0,08x,0) ~

Consider the Fourier transforms of Cs(r), § € {||, L},
Ns—1

(k)= Cy(rye i,

r=0

(C5)

with N being the number of lattice sites in the direction of §.
Set in the following, § = L. The Fourier transform becomes

N, —1 . N, —1 .
—2miL SN —2 i
Sitky= Y Ciy)e ™ =Y (SooSoyde "N
y=0 y=0
1 N.—1 .
=D D (shoshyle ™, (C6)
k=0 y=0

with « € {0, 1} denoting the spin component. The ensemble
average can be computed by a sum over an infinite lattice,

N, N
K K ‘
Sp 08 ) = lim ! C7
{s6.0 O,y) NL_moNH_)OO NLN” ? 0: ? 0: STty (C7)

An approximation is possible by using a finite lattice with
large dimensions N;. Inserting Eq. (C7) into Eq. (C6) and
replacing j 4+ y — ¢ yields

—Zﬂlk(q )
S1(k) = C sk e
I ic.q.ii
Ny ai
—omie=
E E 8ip |5t sk e Ny (C8)
p i .
NLN” rd 7P
K,q.i,j \ p=

In the second step, we have inserted an identity in the form of
a sum over a Kronecker 6. The Kronecker § can be written as
a sum over complex exponentials,

5 1 2aitn (9)
= — Ny .
Y L
O T.(h)!1J
& TXYTy
1.8
hlJ =0.1

1.2

0.6

effective field strength h/T

0.20 0.24 0.28 0.32 0.36 0.40
effective temperature 7/J)

FIG. 10. Some simulated critical points are shown for the
adapted XY model with J;/J, ~ 30. We added a guide for the eye
for the phase boundary. The triangle marks the Kosterlitz-Thouless
transition of the XY model without a symmetry-breaking field cal-
culated by an approximation [88]. A system with constant couplings
traces a path (orange) in the phase space when cooled down. The
path crosses the phase boundary at an angle ¢, in this work called
the quench angle. In [81,82] it has been reported that steep quench
angles and fast quenches open up subleading scaling regimes that are
dictated by irrelevant exponents.
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Inserting this representation into Eq. (C8) gives

1(p—i)

ZZ Z si 727r1k(’7 . &M
N N2 ij Pfi

K q,pij

NLN2 ZZ (Z , Zﬂi(Nki*N’i))

LJ

S1(k) =

_ kq Ip
Z 2711 + y )
P tl

(C10)

The expressions in the parentheses are the Fourier transforms
851> OL, respectively, the conjugated Fourier transform, of the

lattice 55 g

Si(k) =

S e
NN2<Z|“| +Z|S"l )

(C11)

This way we can calculate S, (k) by computing the two-
dimensional Fourier transforms of the lattices s? ij =cosv;;
and s} ; = sin9; ;. The analog result is valid for S} (k).

To eventually extract the correlation length, we consider
again Eq. (C8) and insert the asymptotic behavior of Cs(r)
[Eq. (C4)] to obtain

Ns—1

Z o Ir1/8s 27N 25

Ss(k S —
()~ T 1+ 4n2E20e

(C12)

showing that Ss(k) behaves like a Lorentzian function around
k = 0. Calculating S5(k) by means of Eq. (C11) and fitting
to the Lorentzian Eq. (C12) yields &; as a fitting parameter.
Since Eq. (C3) is valid for large r, it is important to only fit
the peak of Ss(k) around k = 0. Correlations below the critical
temperature in the Ising universality class can be shown [42]
to decay like

Cx,y)~c+ e—r(x,,\')/é(x,y)’ (C13)

with a positive constant ¢. When performing the Fourier
transform, this constant contributes to a § peak at k = 0.
To correctly extract correlation lengths below 7., the
Ss(k = 0) value has to be cut.

APPENDIX D: PHASE DIAGRAM

The critical point of the symmetry-broken XY model de-
pends on the field strength h. A cross section of the phase
space in the Bh—(BJ;)~! plane is shown in Fig. 10. When re-
ducing the temperature while keeping the couplings constant,
the system traces a path in the phase space and crosses the
phase boundary at the critical temperature. We call the angle
between the path and the phase boundary quench angle.

APPENDIX E: ISING DYNAMIC CRITICAL EXPONENT

The anisotropic Ising model is part of Model A as specified
by Hohenberg and Halperin [39]. Its dynamic critical expo-
nent z can be expressed in terms of

7=2+ch (E1)

with the known critical exponent 77 and a constant ¢ to be
determined. Some recent results of z are given in Table 1.
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